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Equilibrium structures and pretransitional fluctuations in a very thin hybrid nematic film
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The stability of different structures of a nematic liquid crystal in a planar hybrid film is examined within the
framework of a Gaussian description of order fluctuations. In a very thin film the director field is not bent
smoothly but exhibits a steplike change if the anchorings at the confining substrates areGteat@ € J/nt)
and comparable in magnitude. @is)continuous structural transition to the bent-director state which occurs
with increasing film thickness or decreasing temperature is governed by the lowest bending director fluctuation
mode. Its relaxation rate exhibits a critical slowdown when the film thickness approaches the “supercooling”
limit or transition point, respectively. Th@is)continuity of the structural transition depends on the tempera-
ture and film thickness. The upper limit for the corresponding tricritical point is determined. The lowest order
parameter mode, which corresponds to fluctuations of the position of the central exchange region, is charac-
terized by a nearly critical behavior of the relaxation rate. The spectra of the two noncritical biaxial fluctuation
modes are degenerate, whereas the fluctuation profiles are just mirror images with respect to the middle plane
of the film.[S1063-651X99)05508-7

PACS numbd(s): 61.30.Cz, 64.70.Md

[. INTRODUCTION steplike profile of the director’s tilt angle or the director field

Recently, the equilibrium ordering as well as dynamiccan be bent continuously. They predicted a structural transi-
properties of confined liquid crystals have attracted a lot otion between the two possible ordered configurations but did
attention of experimentalists and theorists. Studies devotedot probe the stability of both configurations. However, a
to the determination of the equilibrium order in different more detailed description of the nematic order in planar hy-
confining geometries with various constraining propefftids brid geometry in relation to film thickness and anchoring
have lately been followed by investigations of the pretransistrength has been provided by Galabetal.[14]. Another
tional dynamics. The understanding of collective order fluc-aspect of a nematic liquid crystal in a planar hybrid geometry
tuations gives a better insight into equilibrium ordering in theare stripe domains studied by Pergamensh¢h®. In his
vicinity of phase and structural transitions as well as in thestudy, using Frank elastic theory with surface terms, it was
mechanism of the transition its¢2—9. shown that equilibrium modulated structures can appear.

Possible technological applications have stimulated an inHowever, in that study only spatial dependence of the nem-
crease of interest in hybrid nematic geometfieg]. Using a  atic director was taken into account whereas other degrees of
quasielastic light scattering method Wittebroetlal. (see  freedom of the nematic order have been neglected. In a cy-
Ref.[11] and the references thergiexperimentally studied lindrical geometry Ziherl and @mer [6] studied director
thickness dependence of the nematic-isotropic phase trandluctuations in the vicinity of a disclination line of strength 1
tion temperature and stability of ordered structures in a hywhose structure is similar to structures in hybrid cells. They
brid nematic film obtained after a spread of a liquid crystalextended the approach based on Frank elastic theory by in-
droplet on a solid substrate. In their experimental setup withroducing spatially dependent rotational viscosity and elastic
unequal anchoring strengths of the confining substi@@gl  constants.
substrate and a free liquid crystal surfateey were able to This brief review shows that there is a lack of information
determine the critical cell thickness for the hybridly alignedon the dynamics related to the structural transition between
order which was in good agreement with the theoretical exdifferent nematic configurations in highly constrained sys-
pression obtained long ago by Barbero and BarfE?]. In  tems when nondirector degrees of freedom are crucial. This
their study an approximate director picture omitting posi-motivated us to start our analysis. In order to provide a
tional dependence of the scalar order parameter and biaxiatimple but detailed description of a highly frustrated system
ity was used. In the framework of Frank elastic theory anwe have examined a thin planar film with hybrid surface
extensive study of pretransitional director dynamics in a hy-conditions. In contrast to previous studigs6,12 we have
brid cell was done by Stallingat al. [5]. Using the director focused our attention on highly constrained films where bi-
description of the nematic liquid-crystalline ordering they axiality and non-homogeneous degree of nematic order play
calculated relaxation times for tilt and twist fluctuations in an important role. Although the origins of a highly frustrated
hybridly aligned structure and director fluctuations in uni- system can be different, i.e., specific confining substrates in
form director field structure. However, in their study they planar geometry or geometry induced hybrid propeieg.,
neglected spatial dependence of the uniaxial and biaxial dén cylindrical geometry, its effects on the liquid-crystalline
grees of nematic order, which are quite important in the caserder and pretransitional dynamics are simildi6—18.
of strong anchoring and thin cells. A couple of years ago,Therefore one can study the basic effects of high frustration
Palffy-Muhorayet al.[13] showed that in highly constrained within the analysis of a planar system.
hybrid cells the nematic order can be either biaxial with the In the following section the model and theoretical ap-

1063-651X/99/6(2)/1821(10)/$15.00 PRE 60 1821 © 1999 The American Physical Society



1822 A. SARLAH AND S. ZUMER PRE 60

|I||///¢///////§//// |I |||||||I|[/\/ — smallla}st~_40 nm. As impllied by the above expression for_
lll//// //////////// “ | |\// = the critical film thickness this value should be even smaller if
| //////// = “||”|“\ — the anchoring strengths of the confining substrates would be
=0 2) z=d =0 7=d comparable, therefore, in such hybrid films the order should
always be distorted. However, in the case of hybrid yet

equally strong anchoring conditions the director field is uni-

G1 ','u”hl'|l||||lll|:|l|| |||“|||”|l'| G,<G, form below a finite critical film thickness, whereas the

oy |||||I||||II||II|I|||I||| k=e, boundary conditions are fulfilled with the eigenvalue or di-

z—0 =d rector exchangésee Fig. 1b)] [13,22. Here the term “uni-
c) form director field” refers to the corresponding uniform or-

thonormal triad, whereas the director’s tilt angle exhibits a
FIG. 1. Schematic representation of three possible ordered corsteplike change. The other interesting consequence of

figurations in a hybrid film{(a) the bent-director structuré) biax-  equivalent confining substrates is a geometry induced biaxial
ial structure with director exchange, afa uniform director struc- ordering of a uniaxial nematic liquid crystal. The effect is
ture. interesting because in thermotropic nematic liquid crystals

biaxiality cannot be observed very often.
proach are described briefly, whereas for the detailed de- In the following, the described properties will be studied
scription our previous papers should be referer@8]. In  within the model system which consists of a nematic liquid
Sec. lll different equilibrium structures are discussed and therystal sandwiched between two parallel substrates inducing
structural transition thicknesses are determined. Section IMiniaxial nematic order in mutually perpendicular directions.
deals with the pretransitional dynamics of the biaxial struc-The nematic order and pretransitional dynamics in a system
ture in the vicinity of the structural transition to the distorted will be described in the framework of the phenomenological
configuration. Conclusions are given in Sec. V. Landau—de Gennes theory of phase transiti®@8®. Using
this approach, in the vicinity of phase transition the free en-
ergy density can be expanded in terms of scalar invariants of
the order paramete®, which is a symmetric, traceless,

Our model system is a very thin hybrid film consisting of Sécond-rank tensor:
a nematic liquid crystal confined by two parallel substrates
induci_ng uniaxial nema_tic qrder in mutga_lly pe_rpendicular =—A(T T*) tr Q2— BtrQaJr C( tr Q?)2
directions. In order to simplify the description it is assumed
that there is no surface induced smectic order although at 1
least partial formation of smectic layers is often observed +-LVQ:VQ, (1)
[19]. Suppose that the first substrae=0) induces uniaxial 2
nematic order in a particular direction in the plane of the
confining substratésay parallel to thex axis); the other sub-
strate(in the planez=d) is then characterized by a homeo-
tropic anchoring. The geometry of the model hybrid film is
shown schematically in Fig. 1. Usually, the elastic distortions®
in such films are studied within the Frank elastic the@®],
where the nematic order is assumed to be uniaxial with th
director field continuously bent from one substrate to the 1
other; the scalar order parameter and the elastic constants are Fo==Gtr(Q—Qs)?A, 2
assumed to be temperature dependent only. However, long 2 '
ago Barbero and Barbefl2] showed that in a hybrid film
with different surface anchoring strengths the bent-directolVNere Gi is the strength of the interactioy, is the pre-
configuration can only exist if the film is thicker than the ferred value of the tensor order parameter at the substdate,
critical thicknessd.=K(1/W,— 1/W,), whereK is the elas- is the substrate area, and the indicesl,2 correspond to the
tic constant in the one-elastic-constant approximatign ( substrates az=0 and z=d, respectively. In the case of
=K), andW,<W, are the out-of-plane strengths of the sur- uniaxial nematic order the elastic constakitandL and an-
face interaction at the two confining substrates, respectivelychoring strengthsw and G introduced in Frank and
In thinner films the director field is uniform with the nematic Landau—de Gennes formalism, respectively, are simply re-
director in the direction of the easy axis of the substrate witHated; K=9LS?2 andW=3GS?, whereSis a scalar order
stronger anchoring. For a typical liquid-crystalline materialparameter.
(such as 8CBK~4.4x10 2 N) in a contact with an in- As already discussed in detail in our previous papésg
plane aligning substrate yet homeotropically ordered at freéhe mean-field ordering of the liquid crystal is determined by
surfaces \W;>W,~1.1x 10" ° J/n?) the critical film thick- ~ the minimum of the total free energy, whereas its dissipative
ness is found to be approximately Qun [11]. However, in  dynamics can be described by an effective relaxation equa-
the case of two confining substratesithout free surface tion, i.e., a time-dependent Ginzburg-Landau equation,
with very different surface anchoringsuch as substrates
modified with different aliphatic acids witiv,~10 2 J/n? —F@ _of 3
and W,~10"% J/n? [21]) the critical value would be as gt 8Q’

Il. THEORETICAL DESCRIPTION OF THE MODEL

whereA, T*, B, andC are temperature-independent material
constantsT is the temperature arldis the elastic constant in
the one-elastic-constant approximation. Since the one-

elastic-constant approximation is used the equilibrium spon-
taneous periodic modulation is not possiflé]. The surface
gontribution to the free energy is modeled [24]
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wherel is the effective rotational viscosity antl 5Q refers A. Uniform director field
to the functional derivative with respect to tie[25,26. In Although the aim of this paper is to describe the hybrid
general, the effective rotational viscosity is a tensor andjm with equivalent strong surface interactiofis which the
couples different director distortions, however, to simplify yiayial configuration occuisin the few following lines the
calculations itis usually assumed to be a scalar. Furthermorgnicorm director field structure will be outlined in order to
in order to study the Gaussian excitations around the meanroduce some general expressions and to get the idea of the
field equilibrium the tensor order paramet@fr,t) =A(r) subject in question.
+B(r,t) is split into (A) the_ mean—field equilibrium part The equilibrium structure corresponds to a minimum of
which corresponds to the minimum of the total free energyne free energy. In order to minimize the surface contribution
and B) a small fluctuating part which is governed by a g the free energy the nematic director will lie in the direc-
linearized form of the equation of motidig. (3)]. tion of the easy axis of the substrate with stronger anchoring,
The two tensorial equations, one for the mean-field part Ofsay the substrate at=0 (G,>G,). Thus the nematic order
the tensor order parameteh(r)], and the other one for the -5 pe described with a scalar order paramé&emnd, in
temporal evolution of its fluctuating parB(r,t)], can each  general, with the additional parame®measuring biaxiality
be split into five coupled scalar differential equatidpartial  of the order Q=ST,+PT,, with the orthonormal triach
differential equationsfor the five independent degrees of =e,, e,=6,, ande,=e,). Usually, the biaxiality of the nem-
freedom. If the liquid-crystalline ordering is uniaxial, a suit- gtic order is neglected but in highly frustrated systems such
able tensorial base is given b¥o=(3n®n—1)/\V6, T an approximation is not justified. The positional dependence
=(e1®e-60e)/\2, T_;=(e®e+e®e)/V2, T,  of the two chosen parameters can be obtained by solving
=(e,®@n+nee)/\2, andT_,=(e,@n+n®e,)/\2, where Euler-Lagrange equations
n is the nematic directog; ande, are mutually perpendicu-

lar unit vectors, andlis the unit second rank tensi®7]. The {’S'— 6S+35*-25°-3P?~-2SP*=0,
base tensors can be interpreted as follows: the component of . 5 5 (4
Q along T, is the sum of the equilibrium mean-field scalar {*P"—60P—2P°—-6SP-25°P=0,

order parameter and order parameter fluctuations, the com—h th ime denotelidz. Th dina bound
ponents alongT., are biaxial fluctuations, and the parts where the prime deno £ 1he corresponding boundary

alongT.., are director fluctuations. conditions are determined by

It is useful to rewrite the quantities into a dimensionless e () — _ 2
form [7]. Thus in the foIIowing, all coordinates will be mea- S(2=0)=0:[S(z=0)~as/¢",
sured in terms of the film thickness and the nematic correla- P'(z=0)=g,P(z=0)/2,
tion length at the bulk nematic-isotropic phase transition, )
{d=¢(Ty)=27CL/B2~8 nm. The order parameter will S'(z=1)=—g,[S(z=1)+ag/2]/ 2,
be rescaled in units of the scalar order parameter of the nem-
atic phase at the phase transition temperatug, P'(z=1)=—g,[P(z= 1)+asx/§/2]/§2,

=2B/3/6C~0.27, and the temperature will be controlled

by 6=(T—T*)/(Tyi—T*), where Ty, =T*+B?/27AC is  whereas is the preferred value of the scalar order parameter
the bulk nematic-isotropic phase transition temperaturewhich is taken to be equal at both substrates apd
These values as well as the results presented in the following (27C/B?d)G; is the dimensionless strength of the surface
sections correspond to hybrid films of different thicknessesnteraction.

and a typical liquid-crystalline material such as 5CB (  Since the confining substrates induce uniaxial order the
=0.13x10° J/nPK, B=3.89x10° J/n?, C=3.92x10°  pjaxiality is small, especially at the substrate whose easy axis

Jim?, L=9x10 *?N, andT* =307.1 K) [21,28. is parallel to the nematic directdFig. 2). If the anchoring of
the other substrate is strong as well the equilibrium uniform
Ill. MEAN-FIELD STRUCTURES director structure is the one that will be discussed in Sec.

) ) ] ) Il C (biaxial structureé. However, in the case where one of
_ In this section we discuss needed details about the equine confining substrates is characterized by very weak an-
librium ordering of a hybrid nematic film which can exhibit chring the parameter of biaxial order can be omitted and the
dlstorted_(hybrldly ben} or_undlstorted_ director structure.. equations reduce t¢?S’— S+ 35— 25%=0, i.e., describ-
The undistorted structure |s_ch§1racter|zed by either bIaXIai|ng Sheng's surface aligned nematic ordered structig@k
director exchange configuration in the case of equally strong
but hybrid surface anchorings or uniform director field in the
case of hybrid confining substrates characterized one by a
strong anchoring and other by a weak anchoring. Which of Our discussion of the bent-director configuration is only
the two possible configurations—distorted or undistorted—slightly simplified by the assumption that the order is
will actually occur depends on the temperature and filmuniaxial but it allows both positionally dependent scalar or-
thickness. However, the existence of either of the two undiseder parameter and director field, whereas in most previous
torted structures depends on the strength of the surface costudies only the variation of the director field has been taken
pling. We study both distorted and undistorted structures usnto account. The effect of biaxiality can be neglected since
ing the same free energy density expansion. By comparing is very small comparing to the scalar order parameker (
the total free energy dependences on temperature and filsi/2<S~1). Using the dimensionless form of the free en-
thickness the structural transition is determined. ergy density expansiofEq. (1)] and the ansatzQ(z)

B. Bent-director structure
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FIG. 2. Uniform director structure in a hybrid film with unequal FIG. 3. Mean-field bent-director structure in a hybrid film. The
anchoring strengths. The mean-field profile is characterized by golid line corresponds to the scalar order parameter and the dashed
spatially dependent degree of nematic order and increasing biaxialine represents tha_,=(1/3/2)Ssin 2¢ amplitude of the tensor
ity profile when approaching the substrate with weaker anchorin@rder parameter, which describes the bending of the director field in
[0=0.9, {?=0.03, ag=1.1, G;=1.2x10"° J/n?, and G,=1.2  the plane k,z) (#=0.9, {2=0.01258,g—, andag=1.1).

X 10~ J/n? (solid ling), G,=4x10"* J/n? (dashed ling.

—S(2)(3n@n—1)/\/6, where the nematic director has the & < <> from the, imnjorm case aﬂiS— 5(20) 25(1’3)“"2‘5
form n=(sin¢,0,cosp) and ¢= ¢(z), the two independent -S and A¢'=¢'(0)-¢'(V2)=m(as—S)/(ast S)
parametersS—the scalar order parameter—angl—the (see also Ref.30)).

angle between the nematic director and the substrate

normal—are determined by the equations C. Biaxial configuration

{’S'— 6S+35*- 25~ 37%S(¢')?=0, As already mentioned in the Introduction, the biaxial con-
(6)  figuration was introduced by Palffy-Muhoray al.[13] and
recently discussed by Galaboea al. [14]. However, their
(SP¢')'=0. studies were made for a special case where the temperature
corresponds to the bulk supercooling limit€ T*), whereas
In the case of a very strong surface anchoring the boundaryome other choices of temperature give rise to different
values of S and ¢ are set to the values preferred by the physical phenomena. In order to better understand the pre-
confining substrategscalar order parameteis and ¢(z  transitional dynamics in such a biaxially ordered structure, a
=04d)=¢s, , Wheregs = /2 and¢s =0] otherwise they  detailed description of the biaxial configuration is presented

are determined with boundary conditions in this section.
In general, in the case of a hybrid film the director field is
S'=+g,42S5+ag— 3agcos(p— ¢512)]/2§2 | =01, not uniform. However, the easy axes of the confining sub-
' @ strates are one in the direction of tReaxis and the other

parallel to thez axis; therefore it can be assumed that the
S¢p'=—01, assin2¢/2¢? |-, director will lie in the plane X,z), i.e., perpendicular to the
axis. Thusn=e, e;=¢, ande,=¢g, can form a suitable uni-

where the signs+ and — and the subscripts 1 and 2 corre- form orthonormal triad.
spond toz=0 andz=1, respectively. The biaxial configuration has been determined using the

As suggested, above the critical film thickness or belowexpansion of the tensor order parameter in terms of the base
the critical temperaturéwith constant temperature or film tensorsA(r)==2 ,a;(2)T;. Due to the symmetry reasons
thickness, respectivelythe order in a hybrid nematic film
can be described by a bent-director field. Since we allow the 2 :
scalar order parameter to vary with the distance from one of 16F ]
the substrates the director tilt angle is not changing linearly ¢ ¢ 14
as it would in the case of the uniform scalar order parameter 121
(see Figs. 3 and)4 However, the difference is very small L5553 ]
and, as expected, decreases further with the increasing film e ’
thickness and when the boundary value of the scalar order “
parameter is getting closer to the val®&(6.s). Here \
S,(6)=0.75(1++1—86/9) is the bulk degree of the nem-
atic order and the renormalized dimensionless temperature 0 0

0.5 1
z/d
Oeii= 0+ (37214) 2 (8)

FIG. 4. Spatial dependence of the tilt angle and its derivative
corresponds to a hybrid film with homogeneous scalar ordefinse for the bent-director structure in a hybrid film. Dashed lines
parameter § =0) and linearly varying nematic directfsee  correspond to the appropriate parameters in the case of the uniform
Eg. (6)]. In the case of strong surface anchoring the discrepscalar order parametep€ 0.9, {>=0.0126,ag=1.1, g—=).
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and boundary conditions, the configuration can be described 12
by two amplitudesa, anda;. The former refers to the scalar 1
order parameter with respect to thexis, whereas the latter 0.8
denotes biaxiality of the order in perpendicular directions. In 0.6
our case, the negative/positive sign of the amplitagéells a4
whether the actual director is in the direction of ther z 0.2
axis, respectively. Both nonzero amplitudes are the solutions 0
of two coupled equations arising from minimization of the -0.2
free energy(Eqg. (1)] and the expansion of the tensor order -0.4
parameter in terms of the base tensors, -0.6
l%al— ay+3(ai—a?)—2ag(a3+a2)=0, zd
9 FIG. 5. Mean-field profiles of the nonzero degrees of freedom.

The thin solid line refers to the scalar order parameter with respect
to the uniform directore,, whereas thicker lines represent scalar

. - order parameters with respect to the easy axandz, ag=—(ag
where the prime denote¥dz. The boundary conditions are +3a,)/2 andaZ=(—ay+3a,)/2. Dashed lines correspond to

determined by the surface interaction. In our case, the in- - :
duced order is assumed to be uniaxial at both substrates bgjialar order parametg6=(6/2)|Q;|, whereQ; has a sign op

. - . . site to that of the two other eigenvalues@f and biaxiality of
in mutually perpendicular directions, therefor®g(0) the order P=|Q,;— Qul/\2, wherej ki), respectively. Inset:

=ag(3e®e,—1)/\6 andQs(1)=ag(3e,®e,~1)/\/6, where e magnified detail of the profiles in the exchange region (
as=Sy(6) is the preferred degree of order at the substrates-g g s2-0.01258,ag=1.1, g—=).
(and is assumed to be equal at both substrafHsus the

boundary conditions read gion increases with decreasing film thickness, however, the
, absolute exchange region thickness decreases.
20(2=0,) = *g[ap(2=0,) +ag2]/¢*, The biaxially grdergd configuration is typical for highly
(10 constrained nematic liquid crystals, i.e., systems with high
/ surface-to-volume ratio and strong surface anchori

aj(z=0,) = =gla,(z=0.) *as\3/2)/¢?, =102 J/m?). In such systems th(gJ surface wetting gi/e(rs
where the signst and — correspond taz=0 andz=1, May be in contact with gach other, thus the structu're they
respectively. If the anchoring is very strong-b), the form becom_e_s progressively ordered on approachlr!g the
order at the surface is the same as the one preferred by tR&ase transition temperature. Because of the continuous
confining substrate, otherwise, the parameters can diffegrowth_of the ordere(_j.blamal structure thgre is no nematic-
from the preferred ones. isotropic phase transition. However, _there is the transition to

The actual significance of the two nonzero amplitudes idhe low-temperature bent-director field configuration. Be-

obvious when they are rewritten int=— (ag+ \/§a1)/2 cause the initial structure is ordered too, the transition be-
and a2=(—ao+ 3a,)/2, where the former sum refers to tween the two phases is structural rather than the phase one.

the scalar order parameter with respect to the direntor In the case of unequal but strong surface anchorings the
P P high-temperature phase is biaxial as well, but the exchange

~ & and the latter sum denotes the scalar qrder paramet%gion is located closer to the surface with weaker anchoring
with respect to the directar=¢e,. As shown in Fig. 5, on the

he fi ¢ 0) the liquid L mol (Fig. 6). As already discussed in Sec. Ill A, biaxial structure
average, near the first sur ace=(0) the liquid-crystal mol- o ,ces 1o the uniform director field state with spatially de-
ecules are oriented parallel to thkeaxis while they are par-

allel to thez axis close to the other substrate<1). In the

l%a)]— fa, —6aga, —2a,(a3+a2)=0,

vicinity of the surfaces the order is uniaxial, however, with liz ' '
increasing distance from the substrates it becomes slightly 08
biaxial. Both biaxiality and order parameter profiles are sym- 0:6
metric with respect to the middle of the fil(planez=1/2). 0.4
The biaxiality profile has two maxima near the symmetry @02l
plane. In between them the molecular ordering can be de- 0
scribed with a director perpendicular to the plane of the mol- 02
ecules (i=g)), yet the scalar order parameter is negative. In 04}
the region of negative scalar order parameter the director or 0.6 =
eigenvalue exchange occurs.
The maximum biaxiality and the thickness of the ex- #d

change region depend on the film thickness, the temperature, g, 6. The degree of nematic order with respect to mutually
and the anchoring strength. The biaxiality is more pro-perpendicular directors=e, andn=e, in intervalsze[0,0.5] and
nounced in thinner films and when the temperature is closef<[0.5,1], respectively. Different lines correspond to different an-
to the phase transition temperature. From the point where théhoring strengthsG,,G,— (solid line), G;=G,=1.2x103
surface wetting layers are in contact the exchange regiog/n? (dashed ling G,=1.2x10"3 J/n? andG,=1.1x 103 J/n?
thickness is—within the numerical accuracy—independentdotted ling, and G;=1.2x 103 J/n? and G,=0.6X10"% J/n?

of temperature. On the other hand, the relative exchange redash-dotted line(=0.9, {>=0.03, ag=1.1).
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.FIG' £ Temperature dependence of the total free_ energy of bi- FIG. 8. Temperature dependence of the total free energy of bi-
axial and bent-director structure. The structural transition occurs at

. . ) . a]xial and bent-director structure at the “supercooling” film thick-
the point where the free energies of the two configurations are equ%ess[g —£(0)]. Because of the approximate determination of
(6,=0.951), whereasf;=0.869 represents the “supercooling” S oS PP

- . - - nt-dir r stri re th rr nding fr nergy i high
limit of the biaxial structure. However, for a typical liquid- bent-director structure the corresponding free energy is too high but

. . . .even rough calculations show that the correctoited ling would
crystalline material the difference between the two temperatures is o . o

. Cause the transition to become continuous below some critical tem-
very smallAT=T,—T,;~0.09 K, and the corresponding latent heat

is by an order of magnitude smaller than the latent heat of thé)e_rature and film _thl_cknej(s;ncntlcal po;nt)i. Above the trlcnt!gal
S . o . ; oint (the upper limit 1p=0.746 and{1p=0.054) the transition
nematic-isotropic phase transition. The dotted continuation of th . . .
. ecomes progressively discontinuous.
total free energy represents the regions where the two structures are

tastable {*=0.02, ag=1.1, : . . .
metastable { 8s =) nematic-isotropic phase transition latent heat1(5x 10°

J/n?) [31], therefore the structural transition is only weakl
pendent degree of nematic order and negligible biaXia"tydiSC())r!:tinl]JOUS. y y

(gxcept at the substra’gs_z where the nemqtic_: director is Perpen- the (dis)continuity of the structural transition can be
dicular to the easy axisf one of the conﬁ_néllng SLZJbs_trate_s IS changed if the temperature and film thickness are low
characterized by weaker anchoring£10 " J/m), i.e., it gnough. Within our approximation, in such a case the free

reduces to the case studied in Refl]. energies of bent and biaxial structures do not intersect and
the free energy of the bent structure exceeds the biaxial one

D. Structural transition between bent-director structure at the “supercooling” limit. This can be understood if one
and biaxial structure considers the approximate determination of the bent-director

. . tructure in which the biaxiality is omitted. However, even a
By comparing the total free energies of the two ordere ough calculation such as the one introduced at the beginning

cr?nEguratloI:s we detﬁrmtl)ne tg_e structural transition df'lmof this section shows that included biaxiality lowers the free
thickness. However, the bent-director structure was eterénergy of the bent structure so that the transition becomes
mined approximately, therefore the total free energy of th

ontinuous. Such a nature of the structural transition was

acrualll clonf|gur.at|0n r']s Iowelr th?jnb'ghe_ ol_ne .obt?lnedd In fourfound also in previous papef&3,14). The two different re-
calculations. Since the neglected biaxiality is of ordefPof  oiaq are separated with a tricritical poiftticritical tem-

2 .
~c¢”, where 6<c<1, the difference between the actual and e ratre and film thicknessdelow which the transition is

approximated4 free2 energy SEOUId be very small, if., continuous. Because of the approximate description of the
~ Fapproc~ — {77 V3/4)s—c (0/2+3S+5°)], whereS  pent-director structure only its upper limit has been deter-
=3(0) is the bulk degree of nematic order parallel to the ineq: f:p=0.746 and{Z,—0.054, which corresponds to
director. As expected, the correction is getting smaller as th?N.—TTp=O.28 K anddp=34 nm for a typical nematic

film thickness is increased. » liquid crystal, such as 5CB. In Fig. 8 the temperature depen-
Near the nematic-isotropic phase transition temperaturgence of total free energies of both ordered structures at the
(Tv—T=0.1 K) and in a hybrid film of a typical liquid- gy nercooling” film thickness is shown. One should notice
crystalline materialsuch as SCBthe nematic order is dis- {hat the dimensionless total free energies are decreasing
torted if the film is thicker thardi~47 nm, whereas the fnctions of temperature. That indicates that in the range of
metastable biaxial structure ceases to exist if the film thicksjm thicknesses where biaxial structure can be realized the
ness is larger thads~71 nm(determined by pretransitional gastic part of the free energy is dominant over the ordering
dynamics—see Sec. )V As the temperature is decreasedeyms The elastic term whose magnitude is determined by

both values are decreased too and so is the difference b§2“1/d2 is decreasing with temperature because the “super-
tween them. The same structural transition can be realized ooling” film thickness is an increasing function of tempera-

the film thickness is held constant and the temperature i§, e
varied. A typical temperature dependence of the free ener-
gies of both ordered phases at constant film thicknégs (
=0.02) is shown in Fig. 7. It is obvious that the slopes of the
functions are not equal at the transition point, so that the Once we have calculated the mean-field profiles we can
structural transition is discontinuous. However, the correbegin with the analysis of fluctuations. In this paper the
sponding latent heat, g,=A(JF/IT)T;=A(IF/6)[ 6; analysis is restricted to fluctuations in the biaxidirector
+T*/(Ty—T*)]=8x10* J/n?, is even smaller than the exchanggstructure and their temperature/film thickness de-

IV. PRETRANSITIONAL DYNAMICS
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pendence when approaching the structural transition to the
bent-director configuration and the “supercooling” limit.
The same approach can be used also with the uniform direc-
tor structure but the analysis is not performed here because
this structure does not appear in highly frustrated systems.
However, the detailed analysis of the pretransitional dynam-
ics of all five degrees of freedom around the bent-director
configuration is somewhat more complicated because of the
nonuniformity of the base tensors.

The Gaussian dynamics of five scalar components of col-
lective excitations—introduced by the expansi@&{r,t)
=Ei2:,2bi(r,t)Ti—is derived by projecting the linearized
form Of, the relaxation gquatloEEq. (3)] onto the bas? teN- Thick curves correspond to coupled fluctuations of the degree of
sors. Since the mean-field profiles depend oretbeordinate  grger with respect to the two mutually perpendicular easy axes.
only, the normal modes can be factorized as follows: Dashed lines correspond to the mean-field profilEa. 5 (¢

by(r.0 =exili (ko ky) 1B (Dex — ), (1D 0% 4§ =001258a5=11 g—).

wherek, andk, are the in-plane components of dimension-2re coupled.. The significapce of thesg mgdes is transparent
less wave vector of fluctuations which are assumed to b&hen considering their linear combinationsy ;= — (8o
subjected to periodic boundary conditionss are the di- +381)/2 and 85 ,=—(Bo—3B1)/2, which denote the
mensionless relaxation rates of the eigenmodes, and time @der parameter fluctuations with respect to the nematic di-
measured in units of,= (27C/B*)T' ~10 & s[26]. Consid-  rector parallel to thex and z axis, respectively. The other
ering the introduced ansaffq. (11)] and the mean-field three fluctuation modes are uncoupled and represent either
profiles of the system the amplitudgs(z) are determined director fluctuations g, and low 8., modes or biaxial

FIG. 9. Spatial dependence of the lowest order parameter mode.

by the equations fluctuations, high3, and 8_, modes.
Due to the inhomogeneous mean-field profiles the eigen-
£*By— (0—No1—6ag+6a5+2a) By—2a1(3+2ap) B, modes of fluctuations can only be determined numerically. In

the following sections the spectra of collective excitations
and the eigenamplitudes for different fluctuating modes will
be interpreted.

=0,

{281 — (0—N\g 1+ 6ag+2a5+ 6a7) B, — 2a,(3+ 2a0) Bo

=0, A. Order parameter fluctuations
(12 The term order parameter fluctuations denotes coupled
B —(6—N_,+6ay+ 2a%+ 232)1371:0' fluctuations of thg two nonzero mean-field amplituples. As is
1 0 1
well known the eigenfunctions of an operator invariant to the
52,322—(9—7\32—3a013\/§al+ 2a§+ 2a§),8¢2=0, space reflection are either symmetric or antisymmetric with

respect to the same transformati@®]. Since the operator
whereB/ =dB;/dz and\;= u;— {3(K3+ ki) are the reduced Which governs the order parameter fluctuatipsee Eq(12)

I I - . .
relaxation rates of the modes. When deriving these equa2nd the results for the mean-field profieganda,] is sym-
tions, one must consider that the modes which are coupleghetric with respect to the plare=1/2 the eigenfunctions of
relax with the same relaxation rate, therefoxg=), (he system can be divided into two classes, i.e., the symmet-
—Xo1. In the case of a very strong surface anchorigg ( "€ and antisymmetric functions with respect to the symmetry

—o0) no fluctuations are allowed at the substrate, tBy(g plane. The lowest symmetric mode is associated with fluc-

=0,1)=0, otherwise the boundary conditions read tuations of the thickness of the central director exchange re-
' ’ gion and therefore also with the fluctuations of the magni-
B/(z=0,1)=+gBi(z=0,1)/, (13)  tude of biaxiality of the nematic order. However, the lowest

antisymmetric mode corresponds to fluctuations of the posi-

where the signst and — refer toz=0 andz=1, respec- tion of the boundary between the two parts of the film which
tively. are determined by mutually perpendicular nematic directors.

In the case of a purely uniaxial nematic ordering and uni-The portrait of the lowest antisymmetric order parameter
form director field @;=0, i#0) the five fluctuating modes mode is plotted in Fig. 9. One should notice that the two
are independent, therefore the two equations for the amplieorresponding profilesds ; and 85 ;, are “localized” at the
tudesBy(z) and 3,(z) are uncoupled. Furthermore, due to part of the film with directore, ande,, respectively. The
the symmetry reasons the two biaxial modbswith indices  positions of their maxima coincide with the position of maxi-
i==*1) are degenerate and so are the two director modesmium slope of the scalar order parameter. Thus, the lowest
(indicesi=*2) [7,8]. antisymmetric order parameter mode is responsible for the

As implied by Egs(12) this is not the case when dealing growth of the surface wetting layefsee Refs[7,8]). Higher
with fluctuations in a biaxially ordered hybrid film. Since the symmetric and antisymmetric modes change the shape of the
mean-field profiles are described by two nonzero amplitudesxchange region in a symmetric or an antisymmetric manner,
ap anda,, the corresponding fluctuation modg, and 3, respectively.
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FIG. 10. Lower part of the spectrum of collective order param- FIG. 12. A few lowest relaxation rates of director modes versus
eter excitations with respect to the film thickness. Dotted ancﬁlm thickness. The rates are decreasing with ianeaSing film thick-
dashed verticals denote the “supercooling” and the structural trann€ss, especially the lowest mode’s rate which drops to zero as the
sition film thickness, respectively. Inset: magnified detail of thefilm thickness approaches the “supercooling” limit. Dotted and
lowest order parameter relaxation rate. Notice that the relaxatiodashed verticals denote the “supercooling” and the structural tran-
rate remains finite even at the “supercooling” limit and approachessition film thickness, respectively9e 0.9, as=1.1, g—).
the limit with the zero slope{=0.9, ag=1.1, g—x).

tinuous. Therefore, in both regimes the soft director mode
The lowest relaxation rate corresponds to the lowest antican be assumed to govern the structural transition between
symmetric mode. When increasing the film thickness towardhe two ordered configurations. As shown in Fig. 12, higher
the structural transition thiCkn6$deCreaSing the parameter modes relax faster and do not contribute essentia"y to the
£?) all the relaxation rates are decreased, especially the lovsretransitional change in the director field.
est one(see Fig. 1 However, it stays finite Xg 1.-0>0)
even at the “supercooling” limit(transition point above

Lo . C. Biaxial fluctuations
(below) the tricritical point.

Biaxial fluctuationsB.., are described by the last two
B. Director fluctuations equations in Eq(12). If these equations are rewritten in the

: . : more appropriate form
Director fluctuationsB_, represent changes of the orien- pprop

tation of the nematic director in the plane of the two easy 2B ,—[60—\ipt6al*+2(a2+a2)]B.,=0, (14)
axes. They bend the nematic director in thee, half of the B B N
film toward the directione, and then=e, director in the

other half tpward the perpendiculardirection. The corre-  5n4 the symmetry relations between the equilibrium ampli-
sponding eigenmodes are spread over the whole sample aﬂ?desaé andag are consideredsee Fig. % it can be easily

are S|m|lz;1r Eﬁ theh sine f_“”‘;rt]'oﬂs- The IO(;NeSt dlrectct>r n:ﬁdfseen that the spectra for the two biaxial modes are degener-
represents the change in tne tensor order parameter at dgoy \yhereas the eigenfunctions are just mirror images with
similar to the one characteristic for the bent-director conﬂgu-respect to the plane=1/2

ration (see Figs. 3 and 11lIts relaxation rate exhibits a criti- As shown in Fig. 13 the few lowest modes of fluctuations
cal slowdown when the film thickness approaches the “su- j :
percooling” limit/transition point above/below the tricritical P2(2) and f_5(2) are expelled from the part of the film

point, respectively. In the case of discontinuous structural
transition the lowest director mode is almost critical even at
the structural transition, which is in agreement with our pre-
vious conclusion that the transition is only weakly discon-

FIG. 13. Portrait of two typical biaxial fluctuation mod¢s
-1 ' : : : (the B_, modes are just their mirror images with respect to the
symmetry plane=1/2). The lowest rades are expelled from the
part of the film where these fluctuations represent biaxial fluctua-
FIG. 11. Spatial dependence of the lowest two director modesions. Higher modes are spread over the whole sample. Labels de-
labeled by the number of nodes. Dashed lines correspond to theote the number of nodes of the mode and the dashed lines corre-
mean-field profiles plotted in Fig. 50&0.9, {2=0.01258, ag spond to the mean-field profiles of biaxial structu@=(0.9, ¢>
=1.1, g—»). =0.01258,ag=1.1, g—x).
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being related to fluctuations of the position of the interface
between the two uniaxial parts of the filfoharacterized by
mutually perpendicular directorsts relaxation rate becomes
even more softened if the film thickness is increased or if the
surface anchoring is weaker. Other fluctuation modes do not
contribute to the structural transition. However, low biaxial
modes are interesting because they are localized in one-half
‘ of the film only.
0 - Studying temperature and film thickness dependence of
0 002 004 006 008 01 the structural transition the upper limit for the tricritical point
¢ of the structural transition was found. Above the tricritical
values of the temperatureT(,—Tp=0.28 K) and film
FIG. 14. The lowest part of the spectrum of relaxation rates Ofthickness dTPS 34 nrn) the structural transition becomes
biaxial quc.tuations. Note that the relgxation rates are.higher tharprogressively discontinuous.
the relaxation rates of other mode. Figs. 10 and 1P Since the  ~ ppenomena similar to the one discussed in this paper have
biaxial fluctuations represent deformations of the order parameter Blready been studied experimentdlbl], e.g., the structural
they direction they do not play any important role at the structuraly . qjtion between distorted and undistorted structure. How-
transition. Dotted and dz.ishedlverticlals denote the “.SuPerCOOIing”ever, our discussion has been focused on the structural tran-
gni 1th1e Si“i;ural transition film thickness, respectivey=0.9, sition from the undistorted biaxial configuration, whereas in
s=+H 0 ' the experimental study mentioned above the studied undis-
torted configuration was the one with the uniform director
field. If our formalism, taking into account the tensorial na-
ture of the nematic order parameter, is applied to the condi-
Mions examined in the experimental setup of Wittebrebel.
the critical thickness for the hybridly aligned director field is
comparable to the one they determined. However, the main
. . ; ) object of our study was to determine the regions of stability
lal fluctl_Jat|ons n the_ oth(_er part, a_nd_wce versa for phe, . of different ordered structures in systems where the anchor-
fluctuation _modes. Since in the uniaxial nematic p_ha§e d'reci'ngs of different confining substrates are compardbtgia).
tor fluctuations are much more favorable than biaxial fluc-rnerefore, the validity and limitations of our model could be
tuations[ 8], B, fluctuations tend to be localized at the ap- roven by an experiment designed to probe the dynamics in

propriate half of the film only. Higher modes are spread ove ery thin samples, which could be based on, for example, the

the whole film whereas the unfavorable manner of biaXialevanescent light wave scattering technig@, 22.

fluctuations is compgnsa_te_d by the shorter wave yector of a The studied behavior of the nematic ordering and pretran-
deformation. In addition, it is well known that the higher the sitional dynamics of a liquid crystal in a hybrid film is cer-

modes, the smaller the effect of the shape of the potential op,iny not limited to the simple planar geometry discussed in

them. }his paper. A similar phenomenon is expected in systems

The biaxial relaxation rates are higher than the rates Ofpare the hybrid manner of confinement is induced by topo-

other fluctuation modes, therefore the biaxial fluctuations d‘?ogical constraints imposed by curved walls, such as in cy-

not play any important role in the structural transition dis-jingrica| cavities. It seems possible that the results obtained

cussedFig. 14. here can explain some experimentally detected effects
[34,35. However, in the cylindrical geometry the liquid

V. CONCLUSIONS crystal is confined by only one solid substrate whereas the

The analysis of nematic liquid crystals confined to higthOther substrate is substituted by a topological singularity.

constrained hybrid films with a biaxial structure has revealed Nerefore, if one wants to go beyond a qualitative compari-
a soft-mode or soft-mode-like dynamics in the vicinity of the son of experimental and theore.tlcal results the effect of de-
structural transition toward hybridly alignehent-directoy  ects should be carefully taken into account.

structure. The soft fluctuation manner is related to the bend-

ing dire_cto_r fluptu_ations which _deform the undisto_rted direc- ACKNOWLEDGMENTS
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